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Abstract 

In this paper we give a criterion that characterizes equivalent weak crossed products. By duality, we obtain 
a similar result for weak crossed coproducts and, as a consequence, we find the conditions that assures the 
equivalence between two weak crossed biproducts. As an application, we show that the main results proved by 
Panaite in m (see also HU), for Brzezihski’s crossed products, admits a substantial reduction in the imposed 
conditions. 
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Introduction 

In the developement and further generalizations of the theory of Hopf algebras, crossed products play 
an important role. In [5] the so-called weak crossed product is defined, and it happen to contain as 
examples several types of crossed product constructions. For example, unified crossed products studied 
by Agore and Militaru in pQ, partial crossed products studied by Muniz et. al. in m or Brzezinski 
crossed products [1] are particular instances of weak crossed products. Moreover, weak crossed products 
provide also a general setting for studying crossed products in weak contexts as weak wreath products m 
or weak crossed products for weak bialgebras m When we dualize the notion of weak crossed product 
we obtain a weak crossed coproduct, that, under certain conditions, can be glued to a weak crossed 
product so a weak crossed biproduct is obtained [6]. Weak crossed biproducts are a generalization of 
cross products given by Bespalov and Drabant [3j. 

Equivalences of Brzezinski crossed products and cross products were characterized by Panaite in HD 
tm. In these papers, Panaite gives a definition for the equivalence of two crossed products A V 
and A V, where R : a,R r and a' are morphisms used to define the multiplications on A C3> V. 

The equivalence between these products can be given in terms of two morphisms 6 : V —> A ® V and 
7 : V —» A ® V such that an explicit relation between R,a and R', a' is obtained. This idea was used 
by Brzezinski in [5] to characterize equivalences of crossed products by a coalgebra, and was also used 
in m to obtain equivalences between two weak crossed products of weak bialgebras. However, this last 
case is not included in Panaite’s theory for being a crossed product in a weak context. By a dualization 
of his results, Panaite obtains a characterization of the equivalence of crossed coproducts, and thus, he 
obtains results related to equivalences of cross product bialgebras. 

Let Ay = (A,V,ipvi a v) an< ^ Ayy = (A, V,ipwi a w) two four-tuples where A is a monoid, and 
ipy , <Ty and i/jyy , txjy are the morphisms we use to define associative multiplications on A <g> V and A ® W 
respectively, so we have two weak crossed products. In the present paper we give some necessary and 
sufficient conditions for these products to be equivalent. We find that the two weak crossed products are 
equivalent if, and only if, morphisms '<Ay and a ^ can be obtained from ipy and <jy using two suitable 
morphisms 7 : V —»■ A (g> W and 9 : W —> A 0 V. This result can be extended to the case of weak crossed 
products with preunit. When we particularize to the non-weak case and take V = W, we recover the 
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results of equivalence studied by Panaite in mull. Moreover, our result supposes a substantial reduction 
in the imposed conditions in mm- Also, the theory we present here can be used to improve results on 
equivalences of crossed products of weak bialgebras studied in m and [2], When we dualize our result, 
we find a characterization for equivalences between two weak crossed coproducts and, if we glue together 
both cases, we obtain a characterization of the equivalence between two weak crossed biproducts. This 
characterization also extends the one by Panaite in DU- 

Throughout this paper C denotes a strict monoidal category with tensor product ®, unit object K. 
There is no loss of generality in assuming that C is strict because by Theorem XI.5.3 of (8j (this result 
implies the Mac Lane’s coherence theorem) we know that every monoidal category is monoidally equiva¬ 
lent to a strict one. Then, we may work as if the constrains were all identities. We also assume that in 
C every idempotent morphism splits, i.e., for any morphism q : M -A M such that q o q = q there exists 
an object N, called the image of q , and morphisms i : N -A M, p : M —>• N such that q = i o p and 
p o i = id^. The morphisms p and i will be called a factorization of q. Note that N, p and i are unique 
up to isomorphism. The categories satisfying this property constitute a broad class that includes, among 
others, the categories with epi-monic decomposition for morphisms and categories with (co)equalizers. 
Finally, given objects A, B, D and a morphism / : B -A D, we write A ® / for id A 0 / and / 0 A for 

/ ®id A - 

An monoid in C is a triple A = (A,t]a, Pa) where A is an object in C and t]a '■ K —> A (unit), 
PA '■ A ® A —> A (product) are morphisms in C such that p A o (A <g> tja) = id a = PA ° (77 a 0 A), 
Pa°{A® pa) = pa 0 {pa 0 A). Given two monoids A = (A, 77A, Pa) and B = (B,t]b, Pb), / : A -A B is 
a monoid morphism if ps ° (/ 0 /) = / o p A , f o r]A = Pb- 

A comonoid in C is a triple D = (D,£d,5d) where D is an object in C and Ed '■ D -A K (counit), 
Sd : D -A D <g> D (coproduct) are morphisms in C such that (el j <S> D) o Sd = idD = (D ® Ed) 0 So, 
(Sd ® D) o 5 d = {D (8) Sd) 0 Sd- If D = ( D,ed,Sd ) and E = (E,ee,Se) are comonoids, / : D —> E is a 
comonoid morphism if (/ <8> /) o Sd = Se 0 f, £e 0 f = 

Let A be a monoid. The pair (M, <pm) is a left A-module if M is an object in C and Pm ■ A® M —> M 
is a morphism in C satisfying pm 0 (va ® M) = idM , Pm 0 (A <g) Pm) = Pm 0 (pa ® M). Given two left 
A-modules (M, pm) and ( N , pn), f ■ M —> N is a morphism of left A-modules if Pn 0 {A® f) = f o p M . 
In a similar way we can define the notions of right A-module and morphism of right A-modules. In this 
case we denote the left action by <f>M- 

1. Equivalent weak crossed products 

In the first paragraphs of this section we resume some basic facts about the general theory of weak 
crossed products. The complete details can be found in [5]. 

Let A be a monoid and V be an object in C. Suppose that there exists a morphism 

: V <S> A —> A <g> V 

such that the following equality holds 

(p A ® V) o (A <g> 1 l)y) o (^ ® A) = ipy o (V ® p A )- (1) 

As a consequence of (HD, the morphism V, 4 ®v : A ® V —>• A ® V defined by 

Va®v = (pa 0 V) o (A ® ipy) o (A ® V 0 ?? a) (2) 

is idempotent. Moreover, V a®v satisfies that 

0 (pa ®V) = (p A 0 V) o (A ® V A ®v), 

that is, Va®v is a left A-module morphism (see Lemma 3.1 of [5]) for the left action pa®v = PA 0 V. 
With AxV, « A0V : A x V —> A ® V and pa®v '■ A ® F -A Ax V we denote the object, the injection and 
the projection associated to the factorization of Va®v- Finally, if ipy satisfies (fljl. the following identities 
hold 


(pa 0 V) O (A 0 Ipy) o (Va®V 0 A) = (p A 0 V) o (A ® V’y) = Va®U o (pa 0 V) o (A 0 Ipy)- (3) 
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From now on we consider quadruples Ay = (A, V, ipy, ay) where A is a monoid, V an object, ipy : 
P 0 A —>■ A 0 H a morphism satisfying m and cry : V <g> V —> A® V a morphism in C. 

We say that Ay = (A, V. ipy, <jy) satisfies the twisted condition if 

(ha 0 P) o (A 0 ipy) o (ay <g) A) = (ha 0 V) o (A 0 ay) o (ipy W) o (TA <g> ipfi) (4) 

and the cocycle condition holds if 

(ha 0 V) o (A <g> ay) o (ay 0 P) = (ha 0 V) o (A 0 ay) o (ipy 0 V) o (V <g> ay). (5) 

Note that, if Ay = (A, V, ipy, ay) satisfies the twisted condition in Proposition 3.4 of 0 we prove that 
the following equalities hold: 

(ha 0 V) o (A <g> ay) o (ipy ® P) o (P ® Va»v) = Vx®y o (ha 0 V) o (A 0 ay) o (ipy 0 V), (6) 

Va®v o (ha 0 V) o (A 0 ay) o (Va®f 0 P) = Va®v ° (ha 0 P) o (A 0 ay). (7) 

Then, if Va®v o <jy = ay we obtain 

(ha 0 V) o (A 0 ay) o (ipy 0 P) o (V 0 Va®v) = (ha 0 V) ° (A 0 cry) o (ipy ® V), (8) 

(/xa 0 V) o (A 0 cry) o (Va®v 0 V) = (ha 0 V) o (A 0 cry). (9) 

By virtue of (2]) and ([5]) we will consider from now on, and without loss of generality, that 

Va®V 0 CTy = (Jy (10) 

holds for all quadruples Ay = (A, V, ipy, cry) (see Proposition 3.7 of [5]). 

For Ay = (A, V, ipy, ay) define the product 

Ha®v = {ha 0 V) o (ha 0 CTy) o (A 0 ipy 0 V) (11) 

and let HAxV be the product 

HAxV = PA®v ° Ha®v ° {iA®v ® ia®v)- (12) 

If the twisted and the cocycle conditions hold, the product ha®v is associative and normalized with 
respect to Va»V) i-e., 

Va®v ° ha®v = Ha®v = Ha®v ° (Va®v 0 Va®v), (13) 

and by the definition of ha®v we have 

Ha®v 0 (Va®v 0 A 0 V) = ha®v (14) 

and therefore 

Ha®v ° (A 0 P 0 Va®v) = ha®v- (15) 

Due to the normality condition, HAxV is associative as well (Propostion 3.8 of [5]). Hence we define: 

Definition 1.1. If Ay = (A, V, ipy, ay) satisfies (JH) and ([5]) we say that (A0F, Ha®v) is a weak crossed 
product. 

Trivially, ha®v is left A-linear for the left actions ha®v, and ha®v®a®v = Ha®v 0 A0P. Moreover, 
the restricted product HAxV is left A-linear for haxV = PA®v ° HA®v ° (A 0 ia®v) and i^axF»AxV = 
HAxV 0 A x P. 

The next natural question that arises is if it is possible to endow A x P with a unit, and hence with 
a monoid structure. As A x P is given as an image of an idempotent, it seems reasonable to use the 
notion of preunit to obtain an unit. In our setting, if A is a monoid, P an object in C and rriA®v is an 
associative product defined in A 0 P a preunit vy : K — > A 0 P is a morphism satisfying 

toa®v o (A 0 P 0 vy) = m,A®v ° {vy 0 A 0 V) = niA®v 0 (A 0 P 0 (uia®v ° (vy 0 z/y))). (16) 

Associated to a preunit we obtain an idempotent morphism 

Va® v = riiA®v °(A®P® vy) : A 0 V -A A 0 P. 
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Take A x V the image of this idempotent, v’a&v the projection and iX^y the injection. It is possible to 
endow Ax V with a monoid structure whose product is 

m A xV= p7®v ° m A®v ° ( i v X®v ® iV A®v ) 

and whose unit is r/AxV = Pa®v 0 Vv ( see Proposition 2.5 of [5]). If moreover, m A ®v is left A-linear for 
the actions Pa®v, Ta®v®a®v an d normalized with respect to V^y, the morphism 

P vv : A -a A 0 V, /3 vv = (ha 0 V) ° (A 0 u v ) (17) 

is multiplicative and left A-linear for ip A = Ha- 

Although /3 VV is not a monoid morphism, because A(&V is not a monoid, we have that fl vv or ]a = 
and thus the morphism f3 vv = p v A ®v ° @v v '■ A —>• A x V is a monoid morphism. 

In light of the considerations made in the last paragraphs, and using the twisted and the cocycle 
conditions, in [5] we characterize weak crossed products with a preunit, and moreover we obtain a monoid 
structure on A x V. These assertions are a consequence of the following results proved in [5]. 

Theorem 1.2. Let A be a monoid, V an object and m-A®v :A0l^0A®V —> A a morphism of 

left A-modules for the left action ipA®>v and Ta®v®a®v- 
Then the following statements are equivalent: 

(i) The product mA®>v is associative with preunit vy and normalized with respect to ^7®v 

(ii) There exist morphisms ipy : 17 0 A — > A® V , cry : V <&V —>■ A 0 V and vy : k -A- A 0 V such 
that if ha®v Is the product defined in \11\) . the pair (A 0 V, ha®v ) Is a weak crossed product with 


mA®)V = HA®v satisfying: 

(ha 0 V) o (A 0 cry) o (tpy 0 V) o (V 0 u v ) = Va®v ° (va 0 V ), (18) 

(ha ® V) O (A 0 ay) O (v v 0 V) = Va®v o (g A ® V), (19) 

(ha 0 V) O (A 0 xpy) o (vy 0 A) = fivy , (20) 

where /3 VV is the morphism defined in m In this case vy is a preunit for ha®v> the idempotent 

morphism of the weak crossed product S7 A ®v Is the idempotent ^7®v 

Remark 1.3. Note that in the proof of the previous theorem, we obtain that 

ipv = TA®v ° (Va ® V 0 py V ), (21) 

cry = HA®v 0 (VA 0 P 0 »M ® V), (22) 

hold. Also, by (l20l) . we have 

^ A®v ° vy = vy. (23) 


Definition 1.4. We will say that a weak crossed product (A 0 V 1 ha®v) is a weak crossed product with 
preunit vy : k —)• A 0 V , if (USD - (fliill and (l20l) hold. 

Then, as a corollary of Proposition 2.5 of [5] and Theorem PI we have the following corollary. 

Corollary 1.5. If (A 0 V 1 ha®v ) is a weak crossed product with preunit vy, then A xV is a monoid 
with the product defined in M2 1) and unit HAxV = PA®v ° V v■ 

In the following definition we introduce the notion of equivalent weak crossed products. 

Definition 1.6. Let (A 0 V, ha®v) and (A 0 W, ha®w) be weak crossed products with preunits vy and 
vw respectively. We will say that (A 0 V,ha®v) and (A 0 W. ha®w) are equivalent if there exists a 
monoid isomorphism a:AxV^AxWoi left A-modules for the actions ipAxV and ip A xW- 

The notion of equivalence for weak crossed products is characterized by the main theorem of this 
section: 

Theorem 1.7. Let (A 0 V. ha®v) and (A 0 W, ha®w) be weak crossed products with preunits vy and 
uw respectively. The following assertions are equivalent: 

(i) The weak crossed products (A 0 V, ha®v) and (A 0 W, ha®w) are equivalent. 
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(ii) There exist two morphisms 

T : A® V -t A ®W, S:A<g>IF-^A<g)F 

o/ left A-modules for the actions ipA®v> tyA®w satisfying the conditions 

T O Vy = l/\y, (24) 

T O p A ®v = p A ®w o(T® T), (25) 

S oT = Va®v, To S = Va®w, (26) 

(iii) There exist two morphisms 

7 :V ^ A® W, 9:W ^ A® V 

satisfying the conditions 

v v = (fJ>A 8 V) ° {A ® 9) o i> w , (27) 

9 = V A ®y o 9, (28) 

ipw = (ma ® W) o (/xa ® 7 ) o (A <g> V’y) o (0 < 8 > A), (29) 

&W = (ha® W) O (A < 87 ) O fj, A ®v 0 {0®I 0), (30) 

{li a 8 V) o (A ® 9) o 7 = Va®v o (tja 8 V). (31) 

Proof. We begin by proving (i)=> (ii). Let a : A x V —> A x W he the monoid isomorphism of left 
A-modules for the actions paxV and TAxW- Define 

T = i A ®w 0 a o pa®v, S = i A ®v 0 ol~ x o p A ®w- 

Then, ESI) and 

ToSoT = T, SoToS = S. (32) 

hold trivially. Also, using that a and a ~ 1 are monoid morphisms and (1231) for vy and v\y, we obtain 
E4I) . On the other hand, T is a morphism of left A-modules because, using that Va®v is a morphism of 
left A-modules, we have, 

PA®w 0 TA®w o (A ® T) = ^ ax w 0 (A ® a) o (A <g> p A ®v) = ao tpAxv 0 (A ® Pa®v) 

= a o pa®v o (/xa <8 V) o (A<g> S7 a ®v) = aop A ®v 0 (ma ®V) = a op A ®v 0 Pa®v 
and, as a consequence, composing with i A ®w j applying that Va®w is a morphism of left A-modules, 

and by (1521) . 

T o (p A ®v = Ta®w o(A®T) = <pa®w 0 (A <8> (Va®w °T)) = <^a®w o(A®(ToSoT)) = p A ®w °{A®T). 

Similarly, we can prove that S' is a morphism of left A-modules. Finally, we will obtain (125D . i.e, T is 
multiplicative. Indeed: composing with pa®w we have 
Pa®w 0 PA®w o (T ®T) 

= PAxw 0 ((a 0 PA®v) ® (a o p A ®v )) 

= a O PAxV ° ( PA®V 8 Pa®v) 

= ao pa®v 0 Pa®v 0 (Va®v 8 Va®v) 

= PA®W oT O (lA®V 1 

where the first equality follows by the definition of p A xW , in the second one we used that a is a monoid 
morphism, the third one relies on the definition of p A xVi and the last one follows by (1131) for /xa®v, and 
the properties of the projection and the injection associated to S7a®w- 
Therefore, by (1521) and (1151) for Pa®w, we have 

T o /xa®v = T o S o T o pa®v = V a®w oT o p, A ®v = Va®w o p. A ®w o (T ®T) = p A ®w 0 {T 8 T). 

The proof for (ii)=> (i) is the following. First note that, by ESI) , pa®v = PA®v 0 Va®v = Pa®v °SoT 
and then 

Pa®v o S = pa®v 0 S o T o S = p A ®v 0 S o Va®w- (33) 

Similarly, 

Pa®w 0 T = pa®w 0 T o S o T = pa®v °T o Va®v, (34) 
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and 


hold. 

Set 


S ° m®w = S o T o S o m®w = Va®v ° S o i A ®Wy 
T o i A ®v = T o S o T o i A ®v = Va®w oT o m®v, ■ 


(35) 

(36) 


a = Pa®w oT o m®v- 

The, a is an isomorphism with inverse a' = pa®v ° S o i A ®w- Indeed: by (1331) and (1261) . we have 
a' o a = pa®v ° S o a®w ° T o M®y = p A ®v ° S oT o m®v = p A ®v 0 ^ a®v ° M®y = id AxV , 
and, similarly, a o a' = id Ax w ■ Also, by (l34l) and (l24l) 


ot ° VAxv = Pa®w oTo V A®y °v v = Pa®w ° T o v v = p A ®w ° u w = VAxw- 
On the other hand, a is multiplicative because, by (1131) for AMxy and HA®Wy and (1251) we have 
PAxW o (a 0 a) 

= PA®w ° PA®w ° ((Va®w oT o m®v) 0 (Va«w oT o M®y )) 

= PA®w ° PA®w ° {{T o i A ®v) 0 (T o i A ®v)) 

= PA®W ° T O AM®V ° (*A®V <8> M®V) 

= PA®W ° T o Va®V o AM®V ° (*A®y 0 M®v) 

= a ° AMxv, 

and finally, using that Va«vt and T are morphism of left A-modules, as well as (El) and (1341) . we 
obtain 


PAxW ° (A 0 a) = p A ®w ° (pa 0 IT) O (A 0 (V A ®w ° T o m®v)) = Pa®w ° Pa®w ° (A 0 (T o i A ®v)) 

= Pa®w oT o ipA®v ° (A 0 ia®v) = Pa®w ° T o Va®v ° <a>a®v ° (A <8> M®v) = cxo ip A xVy 

and a is a morphism of left A-modules. 

Note that, if (l25l) and (|26l) hold, we also have that S is multiplicative, i.e., 

S o p A ® w = p A ® v o (S 0 S), (37) 

Indeed: by (H3| for AM®y and p A ®w, 

Pa®v o (S 0 S) = Va®v 0 AM®y °(S0S) = SoTo /iA®y o (5 ® S) = 5 o pa®w ° ((T o S) 0 (T o S )) 

= S O HA®W ° (v A®w ®Vi 8 jy) = S O HA®W- 

Moreover, if (1^51) holds T is multiplicative if, and only if, S is multiplicative. 

In the next step of the proof we will prove that (ii) =>■ (iii). First note that if T and S satisfy (El) and 

(El) , the following identity holds 

S o i/w = vy, (38) 

because i/y = Va®v ovv = SoTovv = So vw- 
Consider 

7 = T o (■ t) A 0 V), 0 = Va®v o S o (r) A 0 W). 

Then, using that S' is a morphism of left A- modules, (1551) . and (El) , we prove (El) : 

(^a®V)o(A®6)ovw = (pa®V)o(A®(\7 a®v°So(i-i a ®W)))ovw = ^ a®v°Sov w = V a®v°vv = vy- 

Moreover, (El) follows trivially because Va®v is idempotent. 

The proof for (1291) is the following: 

(AM. 0 IT) o (fj, A ® 7 )o(d® ipfi) o (9 <gi A) 

= (n A 0 IT) o(4®(To V^y)) ° (0 0 A) 

= (am 0 IT) o (A 0 (T o (ha®v ° (tja 0 V 0 f) vv )))) o (9 0 A) 

= (am 0 IT) O (A (8) (a ia®w o ((T O (tja 0 V)) 0 (T o /3„ v )))) o (0 0 A) 

= (/r a 0 IT) o (A <8i (ha®w 0 ((T o (rj A 0 V)) 0 ((am 0l)o(4®(To o (9 0 A) 

= MA®w o (((a^a 0 IT) o (A <g> (T o (r/A 0 T)))) 0 ft vw ) o (9 0 A) 

= PA®W ° ((T 0 Va®v o So (jia 0 IT)) 0/?^) 
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= Va®w ° ((T o S o T o S o (ha ® IF)) ® /3 VW ) 

= VA®W ° ((Va®W ° O (VA ® w)) ® /^ w ) 

= VA®W ° ((^A®W ° (VA ® W)) <g> f3 vw ) 

= VA®W o{ri A ®W ® /3 VW ) 

= 4>wi 

where the first, the fourth and the sixth equalities follow by the left linearity of T, the second one 
follows by m for il>y, and the third one follows because T is multiplicative. In the fifth equality we used 
that va®w is left linear and (EH) . The seventh and eighth ones are a consequence of ESI) , the ninth one 
follows by the idempotent character of V a®w and in the tenth one we used the normality condition for 
the product ha®w- Finally, the last one follows by (ET1) for 
On the other hand: 

(Va <B> IF) O (A (g) 7 ) o ha®v 0 (0 ® o) 

= (ha ® IF) o (A <g> 7 ) o ha®v 0 ((Va®v ° S o (i lA ® IF)) <g> (V A ®v ° S 0 (va ® IF))) 

= (ha ® IF) o (A ® (T o (r] A ® V))) o S o ha®w ° (va ® IF <g> t]a ® IF) 

= V A®W 0 

= a w-> 

and then we proved (1301) . In the previous identities, the first one follows by definition, the second one 
follows by the normality condition for the product ha®w as well as because S is multiplicative, the 
third one relies on (HE 1 ) and in the left linearity of T, and, finally, the fourth one is a consequence of the 
properties of cr(y. 

Finally, © follows easily using that S7a®w and S are left A- linear, (1261) . and the idempotent character 
of Va®v- 

In the last step of this proof we prove that (iii) => (ii). First, note that if (l29l) and (|28l) hold, then 

(ha ® IF) o (A <gi 7 ) o 0 = Va«w o (ha ® IF). (39) 

also holds. Indeed: 

° (va <g> IF) = V’w 0 (IF ® Va) = (ha ® IF) o (ha ® 7 ) ° (A <8> ipy) 0 (0 ® Va) 

= (ha ® IF) o (A ® 7 ) o V A ®v o0 = (ha ® IF) o (A <g> 7 ) o 6. 

Then, as a consequence, we obtain 

v w = (va ® IF) o (A <g> 7 ) o W-, (40) 

because 

(ha ® IF) o (A < 8 > 7 ) o v v = (ha ® IF) o (A < 8 > 7 ) o (ha ® V) o (A <g> 6) o v w 

= (ha®W)o(A®((ha®W)o(A®'))oQ))ov w = (ha®W)o(A®(V a®w°(va®W))ov w = V a®w°^w = v W - 
Define 

T = (ha ® IF) o (A ® 7 ), S = (ha ® V) o (A 0 6). 

Then the morphisms T and S are left A-linear. Also, by (1401) we obtain ([241) . Moreover, by the associa¬ 
tivity of ha and (l3lT) we prove that S oT = S7 a®v , and, using (l39l) . we show that T o S = 'V A ®w holds. 
Finally we prove that T is multiplicative because 

Va®w 0 (T ® T) 

= (ha ® IF) o (ha ® cr w) 0 (A ® 4>w ® IF) o (T <g> T) 

= (ha ® IF) o (ha ® ((ha <8> IF) o (A ® 7 ) o ha®v o(6<g>0)))o(A® ((ha ® IF) o (ha <8> 7 ) o (A ® ipy) 
o(0 ® A)) ® IF) o (T ® T) 

= T o (ha ® V) o (ha ® ( ha®v 0 (((va ® V) o (A <s> 0 ) o 7) ® A <g> V) o (^ ® i[)y <g> 0) ° (A <g> ((^ <g> F) 
o(A <g) 0) o 7 ) (gi T) 

= To(ha®V)o(ha®(ha®v°((^ a®v°(va®>V))®A<®V)o(ha®iI)v®0) o {A®(^7 a®v°(va®V))®T) 
= T o ha®v 0 (va <S> V <g> 9) o (A <g> ® IF) o (A ® F ® T) 

= To(^ j4 ®F)o(/r A (gi(T^)o(A(8)((/^A®F)o(A(g)V’y) 0 (' ! /’v®^))®F)o(A(8)F (8>A®0)o(A(giF ®T) 
= To (va ® F) o (/x _4 ® cr^) o (A ® ^ ® F) o (A ® F <g> ((va ® F) o (A ® ((/ta < 8 > F) o (A ® 0) o 7 )))) 
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= T o (fj, A <g> V) o (n A 8 cry) o (A <g> ifift <g> V) o (A <g> V <g) ((ha 8 V) o {A <g> o ( r] A 8 V))))) 

= T O HA®V, 

where the first equality follows by definition, the second one follows by (1291) and (1501) , and the third one is 
a consequence of the associativity of fi A as well as the left linearity of Ha®v- The fourth and the eighth 
ones rely on m and the fifth one follows by the left linearity of the morphisms ha®v and Va®v- The 
sixth one relies on the definition of ha®v and on the left linearity of ha®v ■ Finally, the seventh one 
follows by the associativity of ha and m for ij)y, and the last one is a consequence of (fT5l) and the left 
linearity of Va®v- 

□ 

Proposition 1 . 8 . Let (A®V, ha®v) and (A®W, ha®w) be weak crossed products. Assume that there 
exist two morphisms 7 : T —* A 8 IT, 9 : W —>■ A 8 T satisfying the conditions 130\) and \31\) . Then the 
following equality holds: 

{ha 8 W) o {ha <8 &w) IT) o {ify ® IT) o (V <8 7 ) = {ha <8 IT) o {A <8 7 ) 0 <jy . (41) 

Proof. Indeed: 

{ha <8 IT) o {ha <8 (?w) 0 (-4 <8 7 <8 IT) o (ip^ 8 IT) o (T 8 7 ) 

= {ha <8 IT) o {ha <8 {{ha <8 IT) o {A <8 7 ) o ha®v 0 {& 8 9))) o (A <8 7 <8 IT) o (xpfi 8 IT) o (T 8 7 ) 
= {ha <8 IT) o (ha 8 7 ) o {A ® {ha®v ° (((pa 8 V) o (A 8 9) o 7 ) ® 0))) o (iffi ® IT) o (V 8 7 ) 

= (ha 8 IT) o (ha ® 7 )o( 4 ® ( ha®v ° ((Va®v o (rj A 8 V)) 8 9))) o (if$ ® W) o (V 8 7 ) 

= (ha 8 IT) o (A 8 7 ) o ha®v 0 (i’v 8 9) o (V 8 7 ) 

= (ha 8 IT) o (A 8 7 ) o (ha 8 V) o (ha 8 Vy) o (A 8 V’y 8 V) o (ip$ ® 9) o (V 8 7 ) 

= (ha 8 IT) o (A ® 7 ) o (ha ®y)o(4® ay) o (ipfi 8 V) o (V 8 ((ha 8 V) o (A 8 9) o 7 )) 

= (ha 8 IT) o (A ® 7) o (ha 8 V) o (A 8 <jy) o (ipfi 8 V) o (V 8 ((Va®v 0 (v a 8 T))) 

= (ha 8 IT) o (A 8 7 ) o (ha 8 T) o (A ® ay) o (ip$ 8 V) o (V 8 ((tpy o (V 8 tja))) 

= (ha 8 IT) o (ha 8 7 ) 0 (A 8 V’y) 0 ( 0 $ 8 ??a) 

= (ha 8 IT) o (A ® 7 ) o X 7 a ®v 0 o-y 
= (ha 8 IT) o (A ® 7 ) o o-y, 

where the first and the seventh equalities follow by m, the second one is a consequence of the 
associativity of ha and the left linearity of ha®v > the third one relies on (1311) , and the fourth one follows 
by the left linearity of ha®v and Va®v- In the fifth one we used the definition of ha®Vi and the sixth 
one follows by ©■ In the eighth and the tenth ones we applied the definition of Va®v, the ninth one 
relies on the twisted condition © for A y, and the last one follows by the properties of ay. 

□ 

Example 1.9. In this example we apply Theorem 11.71 to the study of equivalent crossed products in the 
sense of Brzezinski. First we recall from (4] the construction of Brzezinski’s crossed product in a strict 
monoidal category: Let (A 1 ij A , Pa) be a monoid and V an object equipped with a distinguished morphism 

r]y : K -A V. Then the object A ® V is a monoid with unit r/ A 8 pv and whose product has the property 

PA®v o (A 8 Hv 8 A ® V) = ha 8 T, if and only if there exists two morphisms 1 py : V 8 A —> A 8 V, 
ffy : V 8 F ^ 4 8 F satisfying ©, the twisted condition ©, the cocycle condition © and 

^o(i)y®4)=4®iji/, (42) 

ipy O (F 8 77 a) = ?7a 8 T, (43) 

ay O (r]y ® F) = ay o (V 8 rjv) = VA 8 V. (44) 

If this is the case, the product of 4 8 V is the one defined in CD- Note that Brzezinski’s crossed 
products are examples of weak crossed products where the associated idempotent is the identity, that is, 
= idA®v■ Also, in this case the preunit vy = r]A 8 pv is a unit. 

In this setting (i) and (ii) of Theorem 1 1. 71 are the same and then this theorem can be enunciated in the 
following way: Let (48F, Ha®v) and (A8IT, ha®w) be Brzezinski’s crossed products with distinguished 
morphism rjy and 77 \y respectively. The following assertions are equivalent: 


9 


(i) The crossed products (A 0 V, Ha®v) and (A 0 W, p a®w ) are equivalent. 

(ii) There exist two morphisms 

7 :V^A0W, 0 : W 4 ® V 
satisfying the conditions (|25)l . (13(71) and 

(pa 0 V) o (A ® 6 *) o 7 = 774 0 V. (45) 

Note that (I45|) is translation for Brzezinski’s crossed products of (15TT) . 

In this context, (051) is trivial because V a®v = idA®v and = idA®w■ Moreover, if we assume 

(USD, 

(pa < 8 > W) o [A ® 7 ) o 9 = r\A 0 W. (46) 

holds (see (iii) =>■ (ii) of the proof of Theorem 11.71) . 

On the other hand, by (1251) . (l30l) and (l45l) . we obtain that 

(pa 0 W) o {A 0 {{ha 0 W) o {A 0 cr(y) o ((7 o rj v ) 0 W) = id,A®w (47) 

holds. Indeed: 

(Pa 0 W) o {A 0 ((ha ® W) o (A ® cr(^) o ((7 o rjv) 0 IT) 

= (ha 0 W) O (A 0 ((pa 0 W) O (4 <8> ((ha 0 ty) o (4 ® 7 ) o ha®v 0 (0 0 0))) o ((7 o r] V ) <8 W) 

= (ha 0 W) o (A 0 ((pa 0 W) O (A ® 7 ) O ha®v 0 (((pa 0 V) o (A ® 0) o 7 o p y ) ® 0) 

= (ha 0 W) o (A ® ((pa 0 W) o (A ® 7 ) o ha®v 0 (?M 0 Vv ® 0))) 

= (ha 0 W) o (4 ® ((ha 0 W) o (4 ® 7 ) o 0 )) 

= idA®w 

where the first equality follows by (1501) . the second one by the associativity of ha, the third one by (1551) . 
the fourth one by the properties of ha®v an d in the last one we applied (1461) . 

Therefore, composing in (1471) with 7]a 0 Vw we obtain 

7 o riv = VA 0 Vw (48) 

Then, as a consequence of (1551) and (1551) . we have 

do Vw = VA® Vv ■ (49) 

which is the translation to this setting of (EZD- 

Therefore, for two Brzezinski’s crossed products (4® V, Ha®v) and (4® W, ha®w ) with distinguished 
morphism r]v an d Vw, the equivalence between them only depends of two morphisms 7 : V —¥ A ® W, 
9 : W —> A ® V satisfying (l29l) , (1501) and (l45l) . 

This approach to the characterization of the notion of equivalence between Brzezinski’s crossed prod¬ 
ucts implies a substantial improvement of the result demonstrated by Panaite in Theorem 2.3 of m 
(see also Theorem 2.1 of El)- In this Theorem the author proved that two Brzezihski’s crossed prod¬ 


ucts (A ® V,h\®v ) an d (A 0 V, Ha®v)i associated to the quadruples = (AV.^Vy’ 1 ), = 

( A , V, ipy’ 2 , ay’ 2 ), and with distinguished morphism r/y and rjy, are equivalent if, and only if, there exist 
morphisms 7 , 9 : V —»• A ® V such that the following equalities are satisfied: 

i’v' 2 = (pa 0 V) ° (ha 0 7 ) o (A ® tpy 1 ) o (9 0 A), (50) 

ay’ 2 = (ha 0 V) o (A 0 7 ) o h\® v o (0 ® 9), (51) 

9°Vv=V a®Vv, l°Vv =VA®Vv, (52) 

(ha 0 V) o (A 0 9) o 7 = t]a 0 V, (53) 

(ha 0 V) o (A 0 7 ) o 9 = ha 0 V, (54) 

(ha 0 V) o (ha 0 ay 2 ) o (A 0 7 ® V) o (ipy 1 0 V) o (V 0 7 ) = (ha 0 V) o (A 0 7 ) o ay’ 1 . (55) 


Note that, using the results of our paper, by Proposition 11.81 (|55[l follows from (ISlT) and (l53l) . On the 
other hand, the equality (1551) is a consequence of (1501) . Finally, (1551) can be proved using (15U1) . (l5ll) and 
(1551) . 
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Example 1.10. Assume that C is symmetric with symmetry isomorphism c. Now we will see how we 
can use Theorem P to improve the definition of equivalence of weak crossed products for weak Hopf 
algebras given in [ 2 ] and in m ■ Let H be a weak Hopf monoid with unit 77 #, product hh, counit £#, 
coproduct 6h, and antipode A# . Denote by 5h^>h the morphism (H 0 ch,h 0 H) o ( 5h 0 5h)- 

Recall from [2] and m that if (A, if a) is a left weak 77-module monoid and a : H ® H A is a 
morphism, we say that the twisted condition is satisfied if: 

Ha ° ((y>A °(H 0 if A )) 0 A) o (77 0 77 0 ca,a) o (((77 0 77 0 a) o 8 h ®h) 0 A) = , 5g . 

Ha°{A0w a )o{{{(j0hh)°8h®h) i 8>A). 


We say that the cocycle condition holds if: 

HA o (ip a 0a)o(H 0 c h ,a 0 Hh) ° (Sh 0a0H0H)o(H0 8 h ®h) = 
HA 0 (a 0 a) o (77 0 77 0 p H 0 77) o ( 8 h ®h 0 H). 

And the normal condition is satisfied if: 


(57) 


a o (ij H 0 77) = a o (77 0 rjn ) = u\ (58) 

where u\ = f>A 0 {H 0 tja )■ Under these conditions, we obtain a weak crossed product on A 0 H with 
preunit Va®h ° (va 0 Vh) (see [2], [131) an d suc h that: 

ipn = {if A ®H) o (H 0 c h .a) o (Sh 0 A) (59) 

o# = (a 0 hh) o 8 h ®h (60) 

= {(ha o (A 0 m)) 0 H) o (A 0 6 H )- (61) 


In this context, when necessary, we will use the following notation: we will use lfA for the morphism 
defined in (15U1) and for the morphism in (IG1I) . Moreover, we will denote the image of the idempotent 

by Ax” a H. 

Essentially, to define this weak crossed product, instead of considering any object V in the category 
we take a weak Hopf algebra H. This fact permits to endow A0 H with a 17-comodule structure given 
by 

Pa®h = A0 5h ( 62 ) 

This comodule structure is inherited by the image of the idempotent A x^ A H, and it is given by: 

PAx° A H = (PA®H0H)op A ®H°iA®H- ( 63 ) 

Moreover, the idempotent is a morphism of right H-comodules [2], [13]. Taking into account these 

facts, we define the equivalence of weak crossed products for weak Hopf algebras as follows m , na: Let 
(A,(/)a) be another left weak H-module monoid, and let /? : H 0 H —> A be a morphism that satisfies 
the twisted condition (15^1) . the cocycle condition (1571) . and the normal condition (1551) . Consider the 
quadruples (A, H, ipA , ajj) and (A, H, pifj ^ A , /3^), that induce two weak crossed products on A 0 H, 

and call (A 0 H,Ha®h) an d (A 0 H,Ha®h) the corresponding weak crossed products. We say that 
they are equivalent if, and only if, there exists an isomorphism of monoids, left A-modules and right 
17-comodules (see my- 

a: Ax°H -A Ax 0 , H. 

VA (f)A 

By virtue of Theorem 11.71 we know that there exist two morphisms S : A (g> H -A A <g> H and T : A0 H -A- 
A0 H of left A-modules that satisfy (1271) . (1251) and (1251) . Following the proof for T to be multiplicative, 
it is possible to prove that S is also multiplicative. Moreover, they satisfy (1321) . Finally, T and S are 
both morphisms of right H comodules. Indeed, T = ° « ° Pa%H and S = il A%H ° a 1 O P%H1 this 

is, both morphisms can be expressed as composition of morphisms of right H comodules. Thus, we can 
use Definition 12.51 and Theorem run to obtain the equivalence of weak crossed products in the sense of 
na as an example of our theory. Actually, the conditions exposed in the present paper are more general 
than the ones in na, as we do not require S and T to be multiplicative. In a similar way, Theorem 11.71 
improves the conditions in [2 for two weak crossed products to be equivalent. 
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Finally, observe that (iii) of Theorem 11.71 is a generalization of the gauge equivalence defined in 113] . 
Indeed, if we are in the weak Hopf algebra context, the morphisms 7 : H — » A ® H and 9 : H —)• A® H 
are of right FZ-comodules. If we take / = {A ® £h) 0 7 and g = {A ® Eh) 0 6, we obtain morphisms 
f,g:H —> A that give the gauge equivalence between the two crossed products. Observe that we can 
recover 7 and 6 as 

7 = (/ ® H) o S H , 9 = {g®H)o5 H . 

Thus, composing in both sides of equality (1311) we obtain f * g = <pa 0 {H <g) ija), where * denotes the 
usual convolution product. Moreover, if we compose with A(&Eh in both sides of equality (l29l) we obtain 
that 

4>a — Ha 0 {ha <8> A) O (/ <g> ip A <g> g) o (H ® H <g> c h ,a) o (H ® Sh ® A) o {S H ® 3). 

Now, composing with (3 ® eh) in equality (l30l) we get: 

/3 = fj, A ° {ha (ha ® A <g> 3) o (/ <g> o (H (%> f)) (g> cr <8> (g o hh)) ° {S H ® H ® 5 h ®h ) ° 

This is, the pair (/, g) satisfies the conditions of gauge equivalence given in [13j . 

Remark 1.11. Note that we can obtain similar results about the equivalence between weak crossed 
products if we work int e mirror setting, i.e., if we use quadruples A v = (V, A, ip A , a\) where : 
A ® V -A V ® A and o v A : V <g> V —>■ V ® A satisfy the suitable conditions that define a weak crossed 
product on V ® A with preunit v v : K -A- V ® A. 


2. The dual setting: equivalences between weak crossed coproducts 


The theory of weak crossed coproducts can be obtained from the corresponding ones for weak crossed 
products defined in A ® V or V <g> A by dualization. For the convenience of the reader we collect in the 
following paragraphs, the mirror version of the theory presented in the appendix of [5] for weak crossed 
coproducts. 

Let C be a comonoid and V an object. Suppose that there exists a morphism \c '■ V ® C — > C ® V 
such that the following equality holds: 

(C ® Xc) 0 (.Xc ® C) o (V 0 Sc) = {Sc ® V) o xc (64) 

As a consequence the morphism T v®c '■ V ® C —> V <g> C defined by 

T v ®c = {ec 0 V <g> C) o (xc <8> C) o (V 0 Sc)- (65) 

is idempotent. Moreover, ry®c is a right C-comodule morphism for the right coaction pv®C = V®Sc- 
Henceforth we will consider quadruples C v = (C, V, Xc, t~c) where C, V and Xc satisfy the condition 
([MD and Tp : V ® C —> V C§> V is a morphism in C. For the morphism ry®c defined in (17>5l) we denote 
by VUC its image and by iy®c '■ HdC — > V <g> C, pv®C '■ V 0 C -A- VUC the associated injection and 
the projection respectively. 

Following the ideas behind the theory of weak crossed products, we will set two properties that guar¬ 
antee the coassociativity of certain weak crossed coproduct on V ® C. We will say that a quadruple <C V 
satisfies the cotwisted condition if 


{C ®Tc)o (xc < 8 > C) o (V ® Sc) = {xc ® V) o (V ® Xc) 0 ( T c < 8 > C 1 ) o (H ® <S C ), ( 66 ) 

and the cycle condition holds if 

(V ® Tq) o (t^ ® V) o (V <8 Sc) (67) 

= (t^ ® V) O (1/ <g> Xc) O (tc <E> C) O (V ® <5c)- 

By virtue of the mirror version of Proposition A.9 of [5J we will consider from now on, and without 
loss of generality, that 

Tc oI V®C = Tc (68) 

for all quadruples CW 

For a quadruple (W define the coproduct 

5v®c = {V ® xc ® C) 0 ( T c ® ^c) 0 {V ® 5c) 


(69) 
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and let Sync be the coproduct 

Sync = ( Pv®c ®Pv®c) ° Sy®c ° iv®c■ (70) 

If the cotwisted condition (1661) and the cycle condition (1671) hold, 5y 0 c is a coassociative coproduct 
that it is conormalized with respect to Ty 0 c (i.e. Sc®v 0 ry<g>c = 5y 0 c = (ry 0 c 0 Py 0 c) ° Sy®c)- 
Also, 

5v®c = {V ® C ®Yy®c) ° 8v®c (71) 

and therefore 

Sy®c = (IV®c 0 V 0 C) o Sy®c- (72) 

As a consequence Sync is also a coassociative coproduct (mirror version of Proposition A.10 of [5]). 
Under these circumstances we say that (V 0 C, Sy®c) is a weak crossed coproduct. Trivially, 8y®c is 
right C-colinear for the right coactions py®c and pv®c®v®c = V 0 C 0 pv®c- Moreover, 8yac is right 
C-colinear for pyac = ( Pv®c 0 C) o py 0 c ° iy®c and pvac®vac = VUC 0 pvac- 

Let C be a comonoid and V and object in C. If A y®c is a coassociative coproduct defined in V 0 C 
with precounit v v : V 0 C —> K , i.e. a morphism satisfying 

( v v 0 V 0 C) o Ay 0C = (V 0 C 0 v v ) o Ay 0C = ((( v v 0 v v ) o A v ®c) 0 V 0 C) o Ay 0 c, (73) 
we obtain that the image of the idempotent morphism 

r v®c = (v v 0 U 0 C) O Ay 0 c : V 0 C ->■ U 0 C, 
denoted by VdC, is a comonoid with coproduct 

V V V 

Ayac = ( Pv®c ®Pv®c ) ° A v®c ° *y 0 c? 

TT V V V 

and counit eyac = v v o *y 0 c, where Py^c and *y 0 c are the injection and the projection associated to 
the idempotent (see the mirror version of Proposition A.5 of 0). 

If moreover, Ay 0 c is right C-colinear for the coactions pv®c and pv®c®v®C and conormalized with 

V 

respect to P^^^, the morphism 

u} v v : V 0 C C, uj v v = ( v v 0 C) o (V 0 Sc) (74) 

is comultiplicative and right C-colinear for pc = Sc- Although u v v is not a comonoid morphism, 
because V 0 C is not a comonoid, we have that Ec o oj v v = v l , and, as a consequence, the morphism 

V 

u> v v = uj v v o iy^c ■ UQC —> C is a comonoid morphism. 

In the following theorem we give a characterization of weak crossed coproducts with precounit. This 
result is the dual version of the one proved for weak crossed products in the first section (see Theorem 
A. 13. of [5] for the mirror version): 

Theorem 2.1. Let C be a comonoid, V an object and A y 0 c :V®C->k0C®L0C a morphism of 
right C-comodules for the right coaction py®c and pv®c®v®C■ 

Then the following statements are equivalent: 

V 

(i) The coproduct Ay 0 c is coassociative with precounit v v and normalized with respect to Py 0 c- 

(ii) There exist morphisms \c '■ V 0 C —> C 0 U, Tq : l / 0C 4 k0k and v v : V 0 C —> K such 
that if Sy®)C is the coproduct defined in \69\) . the pair (V 0C, <5y 0 c) is a weak crossed coproduct 
with Ay 0 c = 8y®c satisfying: 

(■ v v 0 V) o {V 0 Xc) 0 ( T c 0 C) o (V 0 5c) = (V 0 ec) ° Ty®c (75) 

{V 0 w y ) o (jc 0 C) o(f0 5 C ) = (U 0 e c ) o Ty 0 c (76) 

(C 0 u v ) o (xc 0 C) o (V 0 5c) = , (77) 

where uj v v is the morphism defined in J7^[ ). In this case v v is a precounit for 5y 0 c? the idempotent 

V 

morphism of the weak crossed coproduct Ty 0 c is the idempotent Ty 0 c 
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Remark 2.2. Note that in the proof of the previous theorem, we obtain that 

Xc = (“vv ®V®£ C )°Sv®c, (78) 

Tc = (V®ec®V®ec)°6 v ®c, (79) 


hold. Also, by (1771) . we have 

/or w = /. (80) 

Definition 2.3. We will say that a weak crossed coproduct (C <g) V. 5c®v) is a weak crossed coproduct 
with precounit vV : V 0 C —> K, if (1751) . (fTTJT) and (1771) hold. 

As a corollary of the previous result we have: 


Corollary 2.4. If (C 0 V, 5c®v) Is a weak crossed coproduct with precounit v, then COV is a coalgebra 
with the coproduct defined in m and counit £cav = v V ° *c<g>v- 


In the following definition we introduce the notion of equivalent weak crossed coproducts. 

Definition 2.5. Let ( V 0C,5y®c) an d (W 0 C, 8w®c) be weak crossed coproducts with precounits v v 
and v n respectively. We will say that (V 0 C,5y®c) and {W 0 C,5w®c) are equivalent if there exists 
a comonoid isomorphism ft : VOC —>• WOC of right C-comodules for the actions pvac and pwac- 

Then, we are in an ideal position to enunciate (the proof is dual to the one used for Theorem 1 1. 71) the 
result that characterizes equivalent weak crossed coproducts. 

Theorem 2.6. Let (V 0 C, Sv®c) an d (W 0 C, Sw®c) be weak crossed coproducts with precounits v v 
and v w respectively. The following assertions are equivalent: 

(i) The weak crossed coproducts (V 0 C, 5y®c) and (W 0 C, 5w®c) are equivalent. 

(ii) There exist two morphisms 

P:V0C-^W0C, R:W0C^V0C 


of right C-comodules, for the coactions pv®C and pw®C, satisfying the conditions 

v w oP = v v , (81) 

5w®c ° P = (P ® P) o 5v®c, (82) 

Ro P = Tv®c, PoR = Tw®c- (83) 

(iii) There exist two morphisms 

7 t:W0C^V, C : V 0 C -t W 

satisfying the conditions 


v w o (( 0 C) o (V 0 5c) = v v , 

(84) 

0 

® 

(-1 

o 

II 

(85) 

Xc = {C 0(f) ° (xc 0C) o(w0 6 c ) o(W 0 6 c ), 

(86) 

tc = (C ® C) ° $v®c o (7r <g> C) o (W 0 6 C ), 

(87) 

n o (( 0 C) o (V 0 5c) = (V 0 ec) o Tv®c- 

(88) 


Remark 2.7. Note that we can obtain similar results about the equivalence between weak crossed 
coproducts if we work in the mirror setting, i.e., if we use quadruples Cy = (V. C, Xy, T y ) where Xy '■ 
C 0 V —> V 0 C and Ty : C 0V —> V 0V satisfy the suitable conditions that define a weak crossed 
coproduct on C 0 V with preunit vy : C 0 V —» K. 


14 


3. The mixed case: equivalences between weak crossed biproducts 

Following Definition 2.2 of [Bj we introduce the notions of weak crossed biproduct and the one of weak 
crossed biproduct with preunit and precounit. Note that the following definition is the dual version of 
Definition 2.2 of [B|. 

Definition 3.1. Let A be a monoid and C be a comonoid. We will say that AC = [A ® C, Pa®c, ^a®c) 
is a weak crossed biproduct if: 

(i) The pair {A ® C, p,A®c) is a weak crossed product. 

(ii) The pair {A ® C, 5a®c) is a weak crossed coproduct. 

(iii) If Va®c is the idempotent associated to {A ® C , pa®c), and r A <g>c is the idempotent associated 
to (A ® C,S A ®c), the identity V A ®c = Ta®c holds. 

In this case, V A ®c will be called the idempotent associated to AC. 

The triple AC is a weak crossed biproduct with preunit vc and precounit v A , if AC is a weak crossed 
biproduct, ( A ® C, pa®c) is a weak crossed product with preunit vc, {A ® C, Sa®c) is a weak crossed 
coproduct with precounit v A , and the following identities are satisfied: 

il A = (A<g>e c )ov c , e c = v A o (i lA ® C). (89) 

In the weak setting, the definition of equivalent weak crossed biproducts with preunit is introduced 
mixing the corresponding ones for weak crossed products and coproducts. 

Definition 3.2. Let ACi = (A®C, Pa®C’ ^ A ®c), AC 2 = {A®C, p 2 A ^ c , ^\®c) be weak crossed biproducts 
with preunits Vq, Vq, and precounits u' 4,1 , v A ' 2 respectively. ACi and AC 2 will be called equivalent if 
there exists an isomorphism a : Ax\C -A d X 2 C of monoids, comonoids, left A-modules and right 
C-comodules, where A Xj C is the image of the idempotent associated to ACi, A X 2 C is the image of 
the idempotent associated to AC 2 , and the actions and the coactions are <fiAx k c = p\®c 0 Va®c 0 
PAx k c = (p k A®c ®C)o PA<S>C o oi k mc , k G {1,2}. 

Note that, when we work with Brzezihski’s crossed products and coproducts, the previous definition 
is the one used by Panaite for equivalent product bialgebras in m- 

Then, using the proofs of the main theorems of the previous sections, we obtain the characterization 
of weak crossed biproducts with unit and precounit. 

Theorem 3.3. Let ACi and AC 2 be weak crossed biproducts with preunits v} : , v^, and precounits v AA , 
v A ’ 2 respectively. The following assertions are equivalent: 

(i) The weak crossed biproducts ACi and AC 2 are equivalent. 

(ii) There exist two morphisms 

T : A® C -A A® C, S : A® C -A A® C 

of left A-modules for the action Pa®g and right C-comodules for the coaction pa®c, satisfying 
the conditions 

Tovl = vl, (90) 

/ 2 oI = / 1 , (91) 

^ 0 Ta®c = Ta®c 0 ® ^ 0 ) ( 92 ) 

5 2 a® c oT=(T®T)o5 1 A0C , (93) 

SoT=V 1 mc , ToS=V 2 A0C . (94) 

(iii) There exist four morphisms 

7 ,9 : C ^ A® C, 7 r, £ : A ® C —► C 

Vq = (pa ®V)o(A®9)o v^, (95) 

v A ’ 2 o (f®C) o (A® Sc) = v A ’\ (96) 


satisfying the conditions 
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0 = ^C 0 0, C = C ° v^ 0c , (97) 

4>c’ 2 = (v a ® C) O (fj, A ® 7 ) o (A <g> V'c’ 1 ) 0 ® ^4), (98) 

<?c’ 2 = (tJ-A ® C) 0 (A <g> 7 ) o /4 0C o ( 6 » (g) 0), (99) 

(/M ® C) o (A <g> 0) o 7 = V^ 0C o ( 77 A < 8 > C). (100) 

Xc 2 = (C <g> C) 0 (Xc 1 ® C) o (tt <g> Sc) o(A(g> S c ), (101) 

r c’ 2 = (C ® 0 0 0 (tt <E> C) O (A <g> ( 5 C ), (102) 

7r o (C <g> C) o (A <g> <5c) = (A <g) £ C ) o V)i 0C . (103) 


Remark 3.4. Note that, as a particular instance of the previous theorem, we obtain the characterization 
proposed by Panaite in Theorem 3.6 of H2 for equivalent cross product bialgebras. 
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